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I. V. Z o l o t u k h i n 1) (St. Petersburg, P. P. Shirshov Institute of Oceanology RAS,
St. Petersburg Department). Discrete analogue of Marshall–Olkin multivariate
exponential distribution.

Let E = {ε} is the set of k-dimensional indices ε = (ε(1), ε(2), . . . , ε(k)), each coor-
dinate of which is equal to 0 or 1, and Ei is the set of indices for which ε(i) = 1.

Let Nε are the independent geometrically distributed random variables:

P{Nε=n} = pε q
n−1
ε , n = 1, 2, . . . , pε = 1−qε

with the characteristic functions

ϕε(t) =
pεe

it

1−qε e i t

The class of these distributions will be denoted by G(qε).
Let’s take into consideration the random variables

Mi = min
ε∈Ei
{Nε}, i = 1, 2, . . . , k.

Let Nε =∞ if pε = 0.

De f i n i t i o n. Distribution of the vector

M = (M1,M2, . . . ,Mk) = (min
ε∈E1
{Nε},min

ε∈E2
{Nε}, . . . , min

ε∈Ek
{Nε})

is called multivariate geometric distribution, and the vector M is called geometrically dis-
tributed random vector.

N o t a t i o n. Let us denote MVG(qε, ε∈E) the class of multivariate geometric dis-
tributions.

In what follows the vector ε will be used for the indication of the coordinate hyper-
plane in the k-dimensional space, 0=(0, 0, . . . , 0), 1=(1, 1, . . . , 1), ε= 1 − ε, ε1 ∨ ε2 is
the vector, each ith coordinate is max{ε(i)1 , ε

(i)
2 }.

Define the partial order 6 on the set E by the rule:

(∀ε, δ ∈ E) δ 6 ε, if (∀j ∈ {1, 2, . . . , k} δ(j) 6 ε(j).

Let m = (m1,m2, . . . ,mk), mj are the natural numbers, εm will mean their
coordinate-wise product. Denotation (a,b) means the scalar product of vectors a и b.

Theorem 1. The projection εM of the vector M on the coordinate hyperplane ε
has a multivariate geometric distribution with the reliability function

P (εm) =
∏

δ6ε

( ∏

γ:γε=δ

qγ

)max16i6k δm
.

Theorem 2. The characteristic function of the multivariate geometric distribution is

ψ(t) = E e i (t,M) =
e i (t,1)

1−e i (t,1)
∏
δ∈E qδ

k∑

j=1

∑

δl∈E
l=1,2,...,j

j∏

l=1

pδl

∏

γ 6=δl
l=1,2,...,j

qγ ψ

(∨ j

l=1
δl t

)

.
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The summation in the second sum is carried over all values of δl, differing among
themselves.

Theorem 3. The characteristic function of the projection of vector M on hyper-
plane ε

has the form

ψ(εt) = E e i (t,εM) =
e i (t,ε)

1−e i (t,ε)
∏
δ:δ ε>0 qδ

k∑

j=1

Ij,ε,

where

Ij,ε =
∑

δl:δlε>0
l=1,2,...,j

j∏

l=1

pδl

∏

γ:γ ε>0
γ 6=δl

l=1,2,...,j

qγ ψ

(∨ j

l=1
δl ε t

)

, t = (t1, t2, . . . , tk).

Theorem 4. Let M ∈ MVG(qε, ε ∈ E) and pε = λεp, then pM
D
−−−→
p→0

V, where

V has the Marshall–Olkin multivariate exponential distribution.
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