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In this work we generalize the results of [1] (see also [2]). Namely the well-known
problem of finding explicit formulas for the expected return and risk of portfolios with
general commission is completely solved. It is assumed that the commission depends on
the asset and the asset position, and on whether the given position is opened or closed.
For portfolios with only the budget constraint and initial commission we prove that the
function of expected portfolio return and portfolio variance are bounded.

Let us introduce some notation. Suppose that we have n assets A1, A2, . . . , An. Let
Rk (respectively, rk = E(Rk) ) denotes the random price return (respectively, expected
price return) of Ak. The portfolio will be denoted by the vector x = (x1, x2, . . . , xn) of
asset weights such that x1 + x2 + ∙ ∙ ∙ + xn = 1 (the budget constraint). If there are no
commission costs, it is well known [3–6] that the portfolio return R(x) (respectively, the
expected return r(x) ) is the weighted average of the individual asset returns (respectively,
the expected returns):

R(x) = 〈R,x〉, r(x) = 〈r,x〉

where R = (R1, R2, . . . , Rn), r = (r1, r2, . . . , rn), and 〈∙, ∙〉 is the standard scalar product
in Rn. It follows that the portfolio variance of return or risk is given by V (x) = 〈Cx,x〉,
where C is the covariance matrix of asset returns: c ij = cov (Ri, Rj).

Denote by αε = (αε11 , α
ε2
2 , . . . , α

εn
n ) (respectively, β

ε = (β ε11 , β
ε2
2 , . . . , β

εn
n ) ) the

vector of initial ((respectively, final) commission, where αεkk (respectively, β εkk ) is the
commission for opening (respectively, closing) the position of the asset Ak and εk = ±.
Here εk = + if the investor opens or closes a long k-th position and εk = − if the investor
opens or closes a short k-th position.

Consider the portfolio x with commissions αε, β ε.
Theorem 1. Let Rαε,β ε(x) be the portfolio return and let rαε,β ε(x) be the ex-

pected portfolio return. Then

Rαε,β ε(x) =
〈R,x〉 − 〈αε,x+〉 − 〈β ε,xa+〉

1 + 〈αε,x+〉
=
〈xβ

ε

,R〉 − 〈γ ε,x+〉
1 + 〈αε,x+〉

,

rαε,β ε(x) =
〈r,x〉 − 〈αε,x+〉 − 〈β ε,xb+〉

1 + 〈αε,x+〉
=
〈xβ

ε

, r〉 − 〈γ ε,x+〉
1 + 〈αε,x+〉

,

where x+ = (|x1|, |x2|, . . . , |xn|), a = (a1, a2, . . . , an), ak = 1 +Rk, b = (b1, b2, . . . , bn),

bk=1+rk,x
a
+=(a1|x1|, a2|x2|, . . . , an|xn|),x

b
+ = (b1|x1|, b2|x2|, . . . , bn|xn|),x

β ε=x−xβ
ε

+ ,

xβ
ε

+ = (β ε11 |x1|, β
ε2
2 |x2|, . . . , β

εn
n |xn|).

In particular, the portfolio risk Vαε,β ε(x) is equal to

Vαε,β ε(x) =
〈Cxβ

ε

,xβ
ε

〉
(1 + 〈αε,x+〉)2

=
〈Cx,x〉 − 2〈Cx,xβ

ε

+ 〉+ 〈Cx
β ε

+ ,x
β ε

+ 〉

(1 + 〈αε,x+〉)2
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Note that R0,0(x) = R(x), r0,0(x) = r(x) and V0,0(x) = V (x).
For z = (z1, z2, . . . , zn) ∈ Rn we set ||z|| = |z1|+|z2|+∙ ∙ ∙+|zn|, zmin = min16i6n{zi},

zmax = max16i6n{zi}, γ ε=αε+β ε.

Theorem 2. For fixed αε 6= 0 and β ε the functions rαε,β ε(x), Vαε,β ε(x) are
bounded,
namely

|rαε,β ε(x)| <
n(1+β εmax) ||r||+ γ

ε
max

αεmin
, 0 6 Vαε,β ε(x) < n

(1+β εmax
αεmin

)2
max
16i,j6n

|c ij |.

Under some restrictions on the commission one can obtain the exact boundaries for
rαε,β ε(x), Vαε,β ε(x).
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