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neral commission.

In this work we generalize the results of [1] (see also [2]). Namely the well-known
problem of finding explicit formulas for the expected return and risk of portfolios with
general commission is completely solved. It is assumed that the commission depends on
the asset and the asset position, and on whether the given position is opened or closed.
For portfolios with only the budget constraint and initial commission we prove that the
function of expected portfolio return and portfolio variance are bounded.

Let us introduce some notation. Suppose that we have n assets A1, As,..., A,. Let
Ry (respectively, rr = E(Ry)) denotes the random price return (respectively, expected
price return) of Aj. The portfolio will be denoted by the vector & = (z1,2,...,zn) of

asset weights such that =1 + 22 + -+, = 1 (the budget constraint). If there are no
commission costs, it is well known [3-6] that the portfolio return R(x) (respectively, the
expected return 7(x) ) is the weighted average of the individual asset returns (respectively,
the expected returns):

R(z) = (R,z), r(z)=(r,x)

where R = (Ri,Ra,...,R.), 7 = (r1,72,...,7n), and (,-) is the standard scalar product
in R™. It follows that the portfolio variance of return or risk is given by V(z) = (Cz, ),
where C' is the covariance matrix of asset returns: c¢;; = cov (R;, R;).

Denote by a® = (ai',as?,...,a5") (respectively, 3¢ = (67*,852%,...,85")) the
vector of initial ((respectively, final) commission, where «a* (respectively, B.* ) is the
commission for opening (respectively, closing) the position of the asset Aj and e, = +.
Here £, = + if the investor opens or closes a long k-th position and ¢, = — if the investor
opens or closes a short k-th position.

Consider the portfolio @ with commissions a®, 3°.

Theorem 1. Let Ra< ge(x) be the portfolio return and let ro< ge(x) be the ex-
pected portfolio return. Then

Ras’ﬁs(m) = <R7 :13> — <as,m+> — <13€7m$> _ <5357R> — <7€7w+>

1+ (af,@y) 14 (asxy)
e () mE) = (afa) — (BTe) @)~ (e
1+ (a, @) 1+ (a, @)
where x4 = (|z1], |z2],...,|znl), @ = (a1,a2,...,an), ax =1+ Rk, b= (b1,ba,...,bn),
bk:1+rk,m$:(a1|x1\,a2|x2\,...,an|xn|),mi=(b1|x1|,b2|x2|,...,bn|xn\),iﬁs:mf:cfe,
2f" = (B [a1], B5* |wal, - .., B |wal)-

In particular, the portfolio risk Ve ge(x) is equal to

v (@) = (cz?" @8y (Cx,x)—2(Cx,xl") + (Cafl” xf)
2B T T (as,a))? (L1 (s, @)
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Note that Ro,o(x) = R(x), ro,0(z) =r(x) and Voo(z) =V (x).

For z = (21,22,...,2n) € R™ weset ||z|| = |z1[Hz2H - Hzn|, Zmin = minici<n{zi},
Zmax = MaxXigi<n{zi}, YE=a*+06°.

Theorem 2. For fized a® # 0 and B° the functions roe,ge(x), Vae ge(x) are
bounded,
namely

max |cijl.

1 € € 1 € 2
rac e (@)] < MU Bnad ITE Yo g <y (@) < (P00 ) mag
ILIKN

Qi Qfin
Under some restrictions on the commission one can obtain the exact boundaries for
Tas,pe(x), Vac,pe(@).
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